Abstract-Inclusion of power electronics allows increased controllability and stability in power systems. The simulation of such systems on a large-scale is challenging due to the presence of a large number of switches and nonlinear devices. This paper presents an advanced simulation algorithm to solve the aforementioned problem. The algorithm considers separation of differential algebraic equations (DAEs) on the basis of numerical stiffness and applies hybrid discretization algorithms to simulate the DAEs. The DAEs, in this paper, represent the nonlinear nonautonomous switched system dynamics of power systems. Stability analysis is performed on a general class of nonlinear nonautonomous switched systems to show the constraints under which the proposed algorithm is stable. To show the validity of the proposed algorithm, two case studies are considered: 1) single high-voltage direct current (HVdc) substation based on the modular multilevel converter (MMC); and 2) an example three-terminal MMCHVdc system. Relaxation techniques are introduced to create a stable interface for the separated DAEs. The developed algorithms are also validated with PSCAD/EMTDC-detailed reference models.
simulations need to be performed. EMT simulations have widely been performed using state-space method [1] , nodal analysis [2] , or a combination of both [3] . State-space method results in the formulation of differential algebraic equations (DAEs) that are then discretized with a numerical integration rule. Nodal analysis discretizes each component in the circuit with a numerical integration rule and forms a linear system of equations. This method has been applied to modular multilevel converters (MMCs) in [4] and [5] . The problem in these two approaches is in the ability to separate systems for parallelization to allow simulation of large power system networks. State-space nodal approach in [3] separates large power system networks into separated state-space systems and combines the state-space systems through a nodal analysis. This approach has been applied in [6] and [7] .
This paper provides a framework to enable hybrid discretization in the state-space approach. The DAEs representing the power system with enhanced penetration of power electronics are nonlinear nonautonomous switched systems. The hybrid discretization approach separates the DAEs into numerically stiff and nonstiff systems. The separated systems are interfaced using relaxation algorithms, if needed. The numerically stiff systems are discretized with numerical integration algorithms that have stiff-decay and A-stable properties. The nonstiff systems are further separated based on the requirement of A-stable discretization into systems discretized using explicit and implicit algorithms without the stiff-decay property. In this paper, the state-space method is considered as it enables simple identification of the properties of the DAEs such as numerical stiffness and the requirement of an A-stable discretization algorithm. The conditions required to apply the proposed framework are explained in this paper. The proposed framework is applied to MMCs and a mixed transmission system consisting of a radial three-terminal MMC-HVdc system connecting to three ac grids.
II. STIFFNESS-BASED SIMULATION ALGORITHM
A stiffness-based simulation algorithm is proposed in this section to simulate nonlinear nonautonmous switched systems. Stability analysis is performed to understand the constraints for stable simulation using the proposed algorithm.
A general class of nonlinear nonautonomous switched system is given by the following DAE:
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where x ∈ R n represent the states in the system, u[k − 1] ∈ Ω u = 0, 1 u represents the input, f : R n × Ω u × R → R n represent the dynamics of the state x, and T s is the control time step. If the DAE in (1) is dissipative, then based on [8] 
Splitting the system in (1) to represent the stiff and nonstiff dynamics separately, the following system is obtained:
where
represent the dynamics that are numerically stiff and nonstiff, respectively, and x 1 ∈ R n 1 and x 2 ∈ R n 2 are the corresponding states. The dissipative property in (2) can be rewritten as follows:
Discretizing (3) using backward Euler results in
2 ∈ R n 2 are the backward Euler based solutions for x 1 and x 2 , respectively, and h is the simulation step size. For simplicity, it is assumed that h = T s in this section. However, the results obtained in this section can be extended to any general case.
Discretizing (3) using hybrid discretization (i.e., backward Euler for the stiff system and forward Euler for the nonstiff system) results in
where x bf 1 ∈ R n 1 and x bf 2 ∈ R n 2 are the hybrid discretization based solutions for x 1 and x 2 , respectively. The proposed hybrid discretization can be extended to other combinations of implicit stiff-decay and explicit algorithms.
Define δx 1 [k] and δx 2 [k] as follows:
Substituting (5) and (6) into (7) results in
Define an energy functionẼ[k] as follows:
The change in the energy function is given bỹ (11) and rearranging the terms results iñ
With the absence of fast dynamics in the nonstiff system and a small simulation step size h, Δf bf 2 [k] can be assumed to be very small and neglected in (12) . Based on neglecting the aforementioned term in (12) and on (4), it can be deduced thatẼ
That is, the discrete-time system given by (8) and (9) is globally asymptotically stable with the Lyapunov functionẼ [k] . Since the backward Euler discretization is stable for all operating conditions, the hybrid discretization is stable as well.
To summarize, the conditions required for the stability of the proposed algorithm are dissipative property of the system dynamics (or global asymptotic stability of the dynamics of the system), and slower dynamics of the nonstiff system compared to the simulation step size: (13a)-(13d) shown at the bottom of next page.
III. MMC-HVDC SYSTEM
The circuit diagram of a three-phase MMC is shown in Fig. 1 . The basics of operation of the MMC is explained in detail in [9] and is not repeated here. 
A. MMC System Model
The dynamics of the arm currents and submodule (SM) capacitor voltages of the MMC of Fig. 1 are given by (13) shown at the bottom of this page, where v sm,y,i,j is the output voltage of SM-i in arm-y, phase-j [10] . It can be observed from (13d) that there are only five independent arm currents.
The dynamics of the SM capacitor voltages in the MMC of Fig. 1 are given in the following equation:
Equations (13) and (14) are the set of semiexplicit DAEs that represent the overall dynamics of the MMC.
Under normal operating conditions when one of the devices in the SM is always turned ON, (13c) and (14) become
When an SM changes its state under normal operating conditions, it will be in blocked state for a small duration (defined by dead time). The impact of dead time is neglected in (15) as it has been observed to be insignificant on the states of the MMC-HVdc system that is controlled using the nearest level control. Based on (13a), (13b), and (15), the dynamics of the arm current of the MMC is given by
and the matrices are defined in the Appendix. Equation (16) is a linear ordinary differential equation (ODE) if z is treated as an input variable. Similarly, the dynamics of the capacitor voltage represented by (15b) is a linear ODE if i y,j is treated as an input variable. The aforementioned partition of the system by previous algorithms either used an artificial delay [11] or nested fast and simultaneous simulation [4] , [5] , [12] , [13] . The implementations in [11] [12] [13] cannot accurately simulate the various SM blocked conditions such as during dc faults, ac startup charging, and dc startup charging. While the artificial delay in [11] results in inaccurate simulation results during the blocked conditions, the undefined arm voltages in [12] and [13] during the blocked ac charging process leads to erroneous results. The arm voltage during the blocked ac charging depends upon the overall circuit conditions and not just on the current flowing through the arm. The arm voltage determines if the upper diode in the SM turns ON or remains in OFF condition and this condition introduces the stiffness in the DAE, as will be shown later through the equations. The
implementations in [4] and [5] impose additional computational burden, as will be shown in Section III-D. The other means of partitioning the system are if at least one of the partitioned system can be discretized using an explicit algorithm, which is possible with both the partitioned systems in this case. When the SMs are in blocked state, (13c) and (14) become
The sgn (.) function in (18a) introduces stiffness in the system. The arm voltage v y,j is defined by the system operating conditions and varies between 0 and Fig. 2(a) . To reduce the stiffness in the system and to avoid the requirement of circuit reconfiguration, a hysteresis relaxation technique is introduced that approximates the arm voltage, as shown in Fig. 2(b) . On substitution of the approximated arm voltages in (13a) and (13b) and using (13d), a linear ODE similar to (16) is obtained for the five independent arm currents. An argument similar to the one presented in the normal operation conditions scenario can be presented in the blocked SM scenario as well, which results in partitioning of the MMC-HVdc system into two systems, namely, one representing the arm current dynamics, and the other representing the SM capacitor voltage dynamics. Each system is represented by linear ODEs with an input vector from the other system.
B. Hybrid Discretization
The greater the slope of the hysteresis curve in Fig. 2(b) , the greater is the accuracy of the simulation of the MMC-HVdc system under blocked SM scenario. However, a smaller time step will be required to discretize the MMC-HVdc system model with explicit discretization algorithms. That is, for greater accuracy and to avoid unnecessarily small time steps, implicit discretization algorithms with stiff-decay and A-stable properties, such as backward Euler, should be preferred to discretize the MMC-HVdc system model.
Based on (18a), (13a), and (13b), it is noticed that the stiffness in the MMC-HVdc system model during the blocked SM
scenario is only present in the arm current dynamics. The stiffness is introduced by the presence of the sgn(.) function. The sgn (i y,j ) present in the SM capacitor voltage dynamics can be treated as an input, thereby, making it a nonstiff system. Therefore, instead of discretizing the complete MMC-HVdc system model with an implicit discretization algorithm, only the arm current dynamics can be discretized using a stiff implicit discretization algorithm. The SM capacitor voltage dynamics can be discretized using an explicit discretization algorithm such as forward Euler.
The use of an implicit discretization algorithm on the complete MMC-HVdc system will require the inversion of (6N + 5) × (6N + 5) matrix at every time step, where N is the number of SMs in each of the MMC. The variable N can be of the order several hundreds today to several thousands in the near future. As will be shown in the next section, the hybrid discretization algorithm will require only the inversion of a 5 × 5 matrix at every time step, thereby, reducing the computational burden imposed immensely.
C. Implementation
Forward-Euler-based discretization of the system representing the SM capacitor voltage dynamics results in (19) shown at the bottom of the previous page, where h is the simulation time step and k represents the number of time steps taken from t = 0. Equation (19) is used in the SM capacitor voltage calculations under all operating conditions. The terms 1 −
can be calculated once at the beginning of the simulation and they remain the same thereafter. Therefore, only three floating-point operations are required to calculate each capacitor voltage in the worst case.
Backward-Euler-based discretization of the system representing the arm current dynamics results in the following:
wherez = ṽ p,aṽn,aṽp,bṽn,bṽp,cṽn,c T andṽ y,j is an approximated arm voltage. The approximated arm voltage under blocked operating condition, as shown in Fig. 2(b) , is implemented as follows:
where v y,n,j [k] and R y,j [k] are defined in (20) shown at the bottom of the previous page. The approximated arm voltage under normal operating conditions is implemented as follows:
Substituting the approximated arm voltages from (23) and (24) into (22) results in the following:
and A 1 is defined in (21) shown at the bottom of this page. The inversion of (M 1 − A 1 .h), a 5 × 5 matrix, is required at every time step to calculate the arm currents.
D. Comparison With Existing Algorithms
The nodal algorithms of MMC [4] , [5] , like most nodal methods in power systems, replace the insulated-gate bipolar transistors (IGBTs) and diodes in the SM with ON/OFF resistors based on their operating condition. Each SM capacitor is modeled using a combination of an equivalent current source in parallel with a resistance, the values of each determined based on trapezoidal integration rule applied to the capacitor voltage dynamics. The trapezoidal rule is typically used in nodal methods. During the blocked state, the direction of arm current along with the SM voltage and capacitor voltages from previous iteration are used to determine the status of the diodes. Iterative methods are used to improve convergence in the blocked state.
The SM capacitor voltage and arm voltage per SM calculation require four floating-point multiplications/additions in the worst case scenario and two floating-point multiplications/additions in the best case scenario. In comparison, the nodal algorithms [4] , [5] require at least 14 floating-point multiplications/additions and three divisions [6] . Each division is at least 4-30 times more expensive than multiplications/additions based on the computational architecture, division algorithm used, and accuracy required [14] [15] [16] . The equivalent floating-point operations performed in the existing algorithms [4] , [5] range from 14 + 3 × 4 = 26 to 14 + 3 × 30 = 104. That is, there is at least 6× and up to 26× improvement in the theoretically required computational resources with the proposed algorithm. A comparison of the proposed algorithm to the algorithms in [11] [12] [13] is not considered as they cannot effectively simulate blocked conditions.
A summary of the comparison between the proposed simulation algorithm and the existing algorithms to simulate MMC systems is presented in Table I . The relative equivalent floating operations in the table is the ratio of the floating operations required by the algorithm to that required by the proposed algorithm. The relative speedup in the table is the ratio of time taken to simulate MMC using the algorithm to the time taken to simulate the detailed MMC model in PSCAD. Since the floating-point operations requirements of the proposed algorithm are lower when compared to the existing algorithms, the real-time implementation of the proposed algorithm will enable to capture the dynamics of MMCs with a much larger number of SM. Equivalently, the computational cost of implementing the proposed algorithm to simulate MMCs is cheaper. The same can be extended to offline simulations. Accuracy of the proposed algorithm is shown in the Section VI-A through a comparison with reference detailed PSCAD/EMTDC MMC model. The relative speedup of the proposed algorithm with respect to the traditional model is a quality measure to mitigate the problem of using different computational platforms. The relative speedup for different algorithms is shown in the table.
A comparison with real-time simulators (that use CPUs and FPGAs [6] , [7] , [17] , [18] ) is not considered in detail as they implement one of the algorithms described in [4] , [5] , and [11] [12] [13] . In this paper, the algorithm and its framework is being presented and the real-time implementation is only explained in brief ahead. Moreover, in this paper, a multirate simulation of the MMC states like in [6] , [7] , [17] , and [18] is not considered. In multirate simulations, the currents in MMC are simulated at 50 μs time step that will not determine all the harmonics up to the 50th harmonic (based on Nyquist sampling theorem). In this paper, the currents and the capacitor voltages are all simulated based on the switching requirements in the MMC to accurately capture the harmonics in the current up to at least the 50th harmonic, which assumes significance when connecting MMCs to weak grids. The harmonic limits have been defined for different grid strengths for up to 50th harmonic in [19] , which would require small time steps of the order of a few microseconds.
A brief comparison of the real-time implementation of the proposed algorithm in Texas Instruments (TI) C6678, a 8-core processor, is presented. The real-time implementation of the proposed algorithm on an MMC system with 425 SMs/arm/core and with a time step of 5 μs in TI C6678 has been successful in real-time operations. The time step of 5 μs is considered to capture every change in the SM status. The best CPU-based real-time simulation of an MMC system among the real-time implementations in [6] , [7] , [17] , and [18] can simulate 230 SMs/arm/core with a time step of 16.5 μs. The following quality measure is considered to compare the proposed real-time hardware-in-the-loop (HIL) solution with the existing solutions: Q = (number of SMs per arm that can be simulated in real time)/(simulation time step)/(giga floating point operations per second measure of the system). This ratio indicates the impact of the quality of the simulation algorithm. The aforementioned quality measure is 15× higher with the proposed algorithm and real-time implementation as compared to the best existing case. Further optimization of the algorithm implemented in the high-performance computing hardware can help achieve the theoretically estimated improvement of 26 times better performance compared to existing algorithms. Since the cost of Intel and AMD CPUs and TI C6678 are similar, the aforementioned comparison is performed. A comparison with FPGA-based realtime simulators is not considered due to high costs associated with the FPGAs. For example, the cost of TI C6678 is one-fourth that of Xylinx Virtex-6 FPGA and one-eighth to one-tenth that of Xylinx Virtex-7 FPGA.
IV. MIXED TRANSMISSION SYSTEM
Dynamic simulation of mixed transmission systems based on MMCs are critical for the modernization of grid being carried out worldwide. While the previous section provided a simulation algorithm for fast and accurate simulation of individual MMCs, this section provides an algorithm to simulate large-scale mixed transmission systems with MMCs.
An example two-terminal point-to-point MMC-HVdc system is shown in Fig. 3 . The MMCs shown in the figure are represented by the circuit shown in Fig. 1 . The three slanted lines and two slanted lines in Fig. 3 represent three-phase ac overhead lines and dc overhead lines (or cables), respectively. This example is used to develop the simulation algorithm to simulate mixed transmission systems and can be extended to large mixed transmission systems that includes several tens to hun- dreds of MMCs interacting with ac systems. An example case for the latter is connecting asynchronous grids across the United States.
The DAEs formulated for the point-to-point MMC-HVdc system can be separated based on time constants under the assumption that the ac and dc lines are sufficiently long. The long ac and dc lines will have much larger time constants compared to the dynamics of the MMC. The long transmission line assumption is typically valid in large transmission systems. The separated DAEs can be equivalently represented by the circuit shown in Fig. 4 . The terminal models of the ac and dc systems in the developed MMC model are based on the voltage-behindreactance model. The voltage-behind-reactance model of the ac system is particularly valid with grid-oriented voltage control that is typically employed to control the ac currents in the MMC. The reactance is typically a combination of the ac transformer and/or a part of the ac transmission line that the MMC is connected to in the ac side. The reactance in the dc system is based on a part of the dc transmission line that the MMC is connected to in the dc side. Since the MMC controls the currents in the ac and dc sides, the terminal model of the MMC is represented by a current-source model in the ac and dc systems. The current sources are connected to cables or overhead lines, as shown in Fig. 4 . The cables or overhead lines are implemented based on a distributed RLC traveling wave model (frequency-dependent model) [20] , [21] . The aforementioned models represent the full frequency dependence of a transmission system, thereby, capturing the dynamics accurately.
In the case of short ac lines, the terminal ac models of the ac system represent the ac grid. The ac system in Fig. 4 is neglected. The terminal ac model of the ac system is based on the aggregated ac grid models. Aggregated ac grid models are models where loads and sources are aggregated and placed as a three-phase ac voltage source with three-phase reactors. The developed terminal models allow the implementation of hybrid discretization and multirate algorithms to simulate the ac and dc transmission systems. For instance, the ac and dc systems can be discretized using the trapezoidal method with a time step of the order of several tens to hundreds of microseconds (or higher based on the time scales being studied in the power system networks). The individual MMCs can be simulated with a few microsecond time step and using a combination of the backward Euler and forward Euler algorithms explained in Section III. The small time step for the MMCs enable accurate capture of harmonics, as has been explained in Section III-D. The trapezoidal method is used to ensure the stability and high accuracy in the simulation of the ac and dc systems [2] .
The developed terminal models can be implemented in various HVdc configurations: point to point, radial multiterminal, and meshed multiterminal.
V. STABILITY ANALYSIS OF THE PROPOSED ALGORITHM FOR MULTITERMINAL MMC-HVDC SYSTEM
The overall MMC dynamics satisfies the dissipative property under the following conditions: First, the SM capacitor voltages are always positive; and second, the matrix A is negative definite. While the first condition is satisfied due to the presence of diodes in the SM, the second condition is inherently satisfied. Moreover, the SM capacitor voltage dynamics are slower compared to the simulation step size. A similar argument can be made for the rest of the mixed transmission system. Therefore, the hybrid discretization algorithm is stable for the simulation of MMCs and mixed transmission systems.
VI. SIMULATION RESULTS

A. Single MMC-HVdc
In this section, an MMC system based on an existing field implementation is considered to validate the accuracy of the developed simulation algorithm and compare the developed control system with the existing ones. A 401-level study MMC system is considered based on the France-Spain MMC-HVdc interconnection described in [5] . The parameters of MMC and simulation are provided in Table II . Only one MMC is considered to compare the developed simulation algorithms and the control system with the existing algorithms and the control systems, respectively. The dc link is assumed to be a dc source and the ac side is assumed to be a three-phase ac source.
The reference results considered for validation of the proposed simulation algorithm are obtained from the detailed MMC model developed in PSCAD/EMTDC. The detailed MMC model uses the IGBT and diode models available in PSCAD library. The following three case studies are considered to compare the results obtained from the proposed simulation algorithm with the reference results:
1) steady-state operation; 2) step change in the q-axis current reference; 3) blocked-state operation under dc-link fault. For the third case study, the dc-source voltage is changed to 0 to consider the worst case scenario of the possible dc-link fault conditions. Once the fault occurs in the third case study, the IGBTs are blocked.
The MMC phase-a arm currents and average arm SM capacitor voltages are shown in with the reference results. An error analysis performed in both the case studies shows errors less than 0.5%. The time taken to simulate MMCs for 0.1 s with the proposed algorithm is 9 s and with the detailed implementation in PSCAD is 75 600 s.
The MMC phase-a arm currents in the blocked-state operation under dc-link fault are shown in Fig. 7 . The plot indicates that the results obtained from the proposed simulation algorithm closely match with the reference results.
The MMC phase-a arm currents and capacitor voltages during startup using dc link is shown in Fig. 8 . The dc-link charging algorithm is summarized as follows.
1) Uncontrolled charging: The SMs are blocked until average capacitor voltage is The MMC phase-a arm currents and capacitor voltages during startup using ac side are shown in Fig. 9 . The ac-side charging is based on uncontrolled SMs and using a resistor in the ac side. The reference results are very similar to the results obtained from the proposed simulation algorithm. 
B. Mixed Transmission System
In this section, a radial three-terminal MMC-HVdc system is considered to show the stability of the developed simulation algorithm for a mixed transmission system. The mixed transmission system is shown in Fig. 10 . The MMC parameters are the same as the ones mentioned in the previous section. The length of the dc cables is 1000 km and that of ac cables in grids 1, 2, and 3 is 400 km, 200 km, and 300 km, respectively. The simulation results for the mixed transmission system is shown in Fig. 11 . At t = 0 s and t = 1.5 s, the active power commands have been changed for each MMC with a predefined slope of the rate of change of power. The corresponding dc-side voltages, dc-side currents, grid-1 ac-side currents, and zoomed-in grid-1 ac-side currents are shown in the figure. The results show the stability of the proposed simulation algorithm under various active power operating conditions for a multiterminal MMC-dc system. 
VII. CONCLUSION
A simulation algorithm was proposed in this paper to simulate a nonlinear nonautonomous switched system and stability limits were developed. The proposed algorithm separates DAEs and discretize them based on numerical stiffness. The proposed algorithm was applied to the state-space models developed for MMC-HVdc. A hysteresis relaxation technique was applied to enhance the stability of the interface between the separated DAEs of the MMC-HVdc. The proposed algorithm was also extended to the mixed transmission system. This algorithm was validated using a reference PSCAD/EMTDC MMC-HVdc system simulation results. At least 6× speedup and up to 26× speedup of the proposed simulation algorithm was proven theoretically with the existing algorithms that can operate under different conditions. The real-time implementation of the proposed algorithm showed an improvement of 15× over existing real-time implementation in CPUs. 
